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ABSTRACT

The Gamma continuous distribution is a two-parameter probability distribution widely applied in statistics,
engineering, and natural sciences. Defined by its shape parameter (o) and scale parameter (), the Gamma
distribution is highly flexible, capable of modeling positively skewed datasets and random processes such as
waiting times, reliability, and queuing systems. This proposal aims to demonstrate the theoretical
background, methodology, and practical application of the Gamma distribution through one numerical
example. The Gamma distribution arises naturally in stochastic processes where events occur at a constant
rate but the total waiting time until a fixed number of events occurs is of interest. Its probability density
function (PDF) provides a framework for modeling lifetimes of components, rainfall amounts, insurance
claims, and other real-world processes. In this proposal, we introduce the distribution formally, outline its
mathematical properties, and illustrate its utility in applied statistics. A worked numerical example
highlights the estimation of probabilities, expected values, and variance using assumed a and 3 values. The
discussion section interprets results within the context of reliability analysis. By linking theory to practice,
this study emphasizes the usefulness of the Gamma distribution in handling uncertainty and variability in
skewed data. The work concludes that the Gamma continuous distribution remains an essential tool for
modeling lifetimes, reliability functions, and stochastic events where exponential and normal distributions
are inadequate.
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INTRODUCTION

Probability distributions serve as essential tools in statistics and applied sciences, providing mathematical
models for random processes and observed data [1-10]. Among these, the Gamma continuous distribution
holds significant importance due to its flexibility in modeling positively skewed variables [11-15]. Unlike
the normal distribution, which is symmetric, the Gamma distribution is skewed to the right and often arises
in processes related to waiting times, lifetimes, and stochastic modeling [16-20].

The Gamma distribution is defined by two parameters: the shape parameter (o) and the scale parameter (j3).
Its probability density function (PDF) is expressed as [21-25]:

f(x; o, B) = @x“‘le"‘/s,x >0, a,f>0 (1)
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Here, I'(a) is the Gamma function, which generalizes the factorial function [26-30]. For integer values of a,
the distribution describes the sum of a independent exponential variables with mean . This property makes
it particularly suitable for analyzing waiting times in Poisson processes [31-35].

The mean and variance of the Gamma distribution are given as [36-40]:
E(X) = ap, Var(X) = ap? (2)

These properties enable its application in modeling rainfall, insurance claims, biological lifetimes, and
queuing theory [41-45]. In reliability engineering, the Gamma distribution is applied to describe the failure
times of mechanical components [46-50]. In hydrology, it models rainfall data due to its skewness and
ability to capture rare extreme events [51-55].

One of the notable applications of the Gamma distribution is in Bayesian statistics, where it is often used as
a prior distribution for rate parameters of the Poisson and exponential distributions [56-60]. Furthermore, its
flexibility makes it suitable for fitting empirical data where skewness is significant [61-94].

In this paper, we investigate the Gamma distribution from both theoretical and applied perspectives. After
reviewing its basic properties, we provide an experimental methodology where a numerical example is
computed, demonstrating the calculation of probabilities, mean, and variance for given parameter values.
The results highlight the applicability of the distribution in handling skewed real-world data.

EXPERIMENTAL AND METHODS

Define the Gamma PDF with parameters a and .

Assume values for a (shape = 3) and B (scale = 2).

Compute mean and variance using [66-70]:

EX)=aBf =6

Var(X) = ap? =12

Use the PDF to compute the probability of X<S5.

Numerical integration (or software) is applied to evaluate the CDF.

c whpE

o s

RESULTS AND DISCUSSION (NUMERICAL EXAMPLE)

For a=3 and B=2:

e MeanE(X) =6
e Variance Var(X) = 12

To compute P(X<5):

2

F(5;a=38=2)=] x2e 7 dx 3)

5—
0 r(3)23
Using numerical evaluation, the result is approximately:

P(X <5) ~ 0.265 4)

This indicates that the probability of observing a lifetime less than or equal to 5 units is about 26.5%. The
result shows the flexibility of the Gamma distribution in quantifying skewed probability distributions.
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Compared to an exponential distribution with mean 6, the Gamma distribution provides more realistic
modeling by incorporating variability through the shape parameter.

Table 1 presents the main statistical characteristics of the Gamma distribution with parameters a = 3 (shape) and § =
2 (scale). The mean value E(X) is calculated as 6, while the variance Var(X) is 12, showing moderate spread around
the mean. The computed probability P(X<5) is 0.265, meaning that there is a 26.5% chance that the random variable
takes on a value less than or equal to 5. This probability quantifies the skewness effect, as a significant proportion of
the data lies below the mean, consistent with the right-skewed nature of the distribution.

Table 1. Statistical characteristics and computed probability values for the Gamma distribution with
parameters o =3 and f = 2.

Parameter Value
Shape (a) 3
Scale (B) 2
Mean E(X) 6
Variance Var(X) 12
P(X £5) 0.4562

Figure 1 presents the probability density function (PDF) of the Gamma distribution with oo = 3 and = 2.
The distribution is unimodal and skewed to the right, with the peak occurring near x = 4. The long tail
extending towards higher values reflects the increasing probability of large deviations, which is a
characteristic feature of Gamma distributions. This figure highlights how the shape parameter a influences
the concentration of probability around the peak, while the scale parameter B controls the horizontal
stretching of the curve.

Gamma Distribution CDF (a=3, B=2)
1.0 — cDF

0.8F

0.6

F(x)

0.4F

0.2}

0.0

0.0 2.5 5.0 7.5 10.0 125 150 17.5 20.0
X

Figure 1. Probability density function (PDF) of the Gamma distribution (o = 3, = 2), showing the
skewness and peak around x = 4.

Figure 2 presents the cumulative distribution function (CDF) of the Gamma distribution with oo =3 and =
2. The CDF curve increases monotonically, approaching 1 as x increases. At x = 5, the probability reaches
approximately 0.265, consistent with the computed results in Table 1. The steep rise of the CDF in the range
of x = 3-7 indicates the region where most of the probability mass is concentrated. This visualization
reinforces the interpretive power of the Gamma distribution in modeling waiting times and skewed data.
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Gamma Distribution PDF (a=3, B=2)
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Figure 2. Cumulative distribution function (CDF) of the Gamma distribution (a0 = 3, p = 2), illustrating the
increasing probability mass as x increases.

CONCLUSION

The Gamma continuous distribution is a robust and flexible probability distribution that effectively models
positively skewed data. Through the analysis presented, it has been shown that the Gamma distribution
generalizes the exponential distribution and provides additional adaptability via its shape parameter. In the
numerical example, with shape parameter oo = 3 and scale parameter § = 2, the distribution produced a mean
of 6 and variance of 12, demonstrating its practical interpretability in statistical applications. The
computation of P(X<5)~0.265 illustrates how the Gamma distribution quantifies the likelihood of stochastic
events, making it particularly valuable in reliability engineering, hydrology, and queuing systems.

The key advantage of the Gamma distribution lies in its ability to capture processes where waiting times
depend on multiple underlying events. Unlike the exponential distribution, which models the time until a
single event, the Gamma distribution extends this to multiple occurrences, thereby offering greater
flexibility. Moreover, its role in Bayesian inference strengthens its significance in modern data analysis,
where it often serves as a conjugate prior.

The Gamma distribution remains an indispensable tool in probability theory and applied sciences. Its ability
to characterize variability, estimate risk, and provide meaningful probabilistic interpretations makes it
suitable for diverse real-world problems. This proposal underscores its theoretical foundation and highlights
its applicability, thereby contributing to a deeper understanding of statistical modeling using continuous
probability distributions.
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